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This research investigates strategies to enable a deputy satellite to hover within a defined volume fixed in the
vicinity of a chief satellite in a circular orbit for an extended period of time. Previous research developed initial
methodologies for maintaining restricted teardrop hover orbits that exist in a plane fixed within the chief’s local
reference frame. These methods use the natural drift of the deputy satellite in the relative frame and impulsive thrust
to keep the deputy in a bounded volume relative to the chief, but do not address fuel optimality. This research extends
and enhances that work by finding the optimal trajectories produced with discrete thrusts that minimize fuel spent
per unit time and stay within the user-defined volume, thus providing a practical hover capability in the vicinity of the
chief. The work assumes that the Clohessy—Wiltshire closeness assumption between the deputy and chief is valid.
Using the new methodology developed in this work, feasible closed- and nonclosed-relative orbits are found and
evaluated based on a fuel criterion and are compared with an easily calculated continuous-thrust baseline. It is shown
that in certain scenarios (generally corresponding to a smaller total time of flight) a discrete-thrust solution provides
a lower overall fuel cost than a continuous-thrust solution. A simple check is proposed that enables the mission

planner to make the correct strategy choice.

Nomenclature
a = chief orbit semimajor axis
h = half-height of the lobe in the cross-track dimension
J = value of the cost function
n = chief orbit mean motion
P = chief orbit period
T = time of flight
t = time
v = relative velocity o
o = angular position of the lobe center in the X Y plane
B = angular position of the lobe center with respect to the
Z axis
y = distance from chief to lobe center
AV = instantaneous change in velocity
AV = specific delta V (ratio of AV to n) R
n = angular orientation of the lobe in the X Y plane
I = gravitational parameter (two body)
7,,T, = semimajor/minor axes of lobe
v = angular position on the lobe boundary
Subscripts
L = lobe center
XY = XY plane
TD = teardrop
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C = continuous

T = total

0 = initial

f = final

z = in the Z direction
Superscripts

= chief centered reference frame
= denotes that time is expressed in chief orbit fractions

I. Introduction

ATELLITE formation flying and proximity operations have

seen significant research interest in recent years. Advances have
supported a host of capabilities that will be essential for maintaining
critical space systems in the 21st century, including repairing,
refueling, upgrading, augmenting, and otherwise servicing on-orbit
assets. A related but less mature type of close-proximity operation
is the ability to “hover” in a specific zone relative to the target
satellite. A deputy satellite with the ability to hover could engage
in monitoring or inspection missions. Hover capability has been
demonstrated in a few constrained cases and in missions about
smaller planetary bodies such as asteroids [1,2]. The goal of this
research is to extend the hover capability within an arbitrarily placed
volume fixed in the target satellite’s local area. Note that, because
these trajectories will, in general, not be on a single naturally drifting
relative orbit, thrusting will be required. To best use limited fuel
resources, we will focus on maximizing hovering time for a given
amount of AV and, in doing so, address the feasibility of a variety of
potential scenarios under consideration by mission planners. For the
purposes of this research, the target satellite of interest, which is
located at the center of the relative frame, will be called the “chief”
satellite and the satellite operating in proximity to the chief will be
called the “deputy.” The problem can be stated as follows: fo develop
a control strategy to place a deputy satellite inside a specific lobe
defined in the chief body-fixed frame and keep it there in a fuel-
optimal manner. The control strategy proposed is to execute a series
of impulsive thrusts such that the location, magnitude, and direction
of thrust are the result of an optimization algorithm developed herein.
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The simplest realizable case is the one in which two satellites share
the same circular orbit but have different angular positions in their
inertial orbits about the central body. In the absence of perturbations,
the two would stay in a fixed relative position with each other. More
flexibility is desired in the relative placement; thus, we seek to define
a general closed volume of arbitrary size, location, and orientation
near the chief satellite and fixed in the relative frame that bounds the
relative motion of the deputy. A continuous-thrust solution is derived
and used as a benchmark to compare to the resultant discrete-thrust
trajectories. It should be noted that a continuous-thrust controller is a
feasible control strategy for hovering satellites. Results are
presented, however, that will demonstrate scenarios for which
discrete-thrust solutions require less fuel. There may also be mission-
related reasons for choosing a discrete-thrust strategy, such as
limitations of the thruster or a desire to avoid plume impingement on
the chief.

Previous work on hovering has considered closed orbits in the
inertial plane of the chief satellite [3,4]. The teardrop orbit is designed
by finding a drifting orbit in the relative frame that intersects itself,
providing a point at which to perform a single impulsive thrust to
keep the deputy in a constrained area. A more general framework for
finding hovering orbits is proposed. We start with a discussion of
relative dynamics followed by the development of a cost function
and constraint. The paper presents results for several lobe entry and
exit conditions as well as a discussion of special cases and concludes
with a criterion on which to base a strategy decision.

II. Relative Motion Modeling
The relative motion of the deputy satellite with respect to the chief

is modeled in the local-vertical/local-horizon (LVLH) frame. The X
(radial) axis is oriented along a line from the center of the Earth to the

chief, the Z (cross-track) axis is perpendicular to the orbit plane of the
chief, and the Y (in-track) axis completes the frame as the cross

product Z x X. The in-track direction is aligned with the velocity
vector of the chief when in a circular orbit. Assume the chief satellite
is in a circular orbit and the gravity of the central body is the only
force of significance. The equations of relative motion are [5]

3
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where a is the semimajor axis of the chief and n is the mean motion. If
we assume that the deputy is close to the chief satellite in comparison
to the chief’s semimajor axis,

X+y+i<Ka

then the relative equations reduce to

X—2ny—3n’x=0 (2a)
54208 =0 (2b)
74+ n%z=0 (2¢)

Itis possible, and highly desirable for this application, to express time
as a fraction of the chief orbit period (P) as opposed to an absolute
time. The relative equations can now be written independent of a
particular semimajor axis and gravitational parameter (1). Let [6]

f=1t/P=(n/2m)t 3)

Expressing time in chief orbit periods will scale the relative velocity
and acceleration but not the relative position; thus,

X=x, y=y, =z “4)
The derivative of 7 with respect to 7 is
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Leading to the following relationship of relative velocity:
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and likewise for & and Z. For the relative accelerations,
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Applying these relationships to Eq. (2),
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the solution to which is [7]
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These linear time-invariant, constant coefficient, differential
equations are the classical Clohessy—Wiltshire (CW) equations [8],
albeit in a less conventional form. For this research, the most
important information to extract from these equations are the initial
and final relative velocities. They are key to calculating AV as well as
initializing trajectory propagation to check for breaches of the lobe
boundary. The initial relative velocity, under the circular chief orbit
assumption, that will cause the deputy to move from (%,, y,, Z,) to
(X7, ¢, Z7) over the time period T is [6,9]
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where T = T/P, § = sin(2zT), C = cos(2xT), and Aj = Vi = Yo
The final relative velocity is
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Equation (8) also provides the means to calculate the AV costs for
stationary hovering, which will be used later as a benchmark to
compare our optimal trajectories. Note that stationary hovering
requires the continuous application of thrust. To hover at a fixed point
in the LVLH frame, the relative velocities are zero:

=0 y=0 I=0 (12)
which reduces Eq. (8) to

0 Z=-47%3 (13)

i=12% 3

Because the )7 equation is now zero, only accelerations in the X andZ
directions are needed. Integrating from zero to the total time of flight

(Ty) yields the AV as a function of the chief orbit period (AV )
required to keep the deputy hovering at a given x,, y,, and Z,,:
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where the subscript C represents “continuous’ and the tilde indicates
that the relative velocities are defined in terms of the chief orbit
period. The location of X, and Z,, is arbitrary but, because AV is linear
in position, the smallest continuous-thrust AV is attained when X,
and Z,, are at their minimum [see Eq. (15)] Note that this occurs at the
point on the lobe that is closest to the XY plane and the YZ plane.

A‘7C = (IZEmin + 42min)nsz (15)

Finally, the relationship between AV and A V is found using Eq. (6):

AV, = \JGf 50 + G —37)
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With the equations of motion in hand, we next define the boundary
volume that constrains the trajectory of the deputy. An ellipse is
chosen in the chief’s orbit plane (Fig. la), providing sufficient

flexibility for designing hover regions without overly complicating
the mathematics. The lobe size via 7, and 7, and the orientation via 5
is user defined. All thrusting is assumed to occur on the lobe
boundary; thus, for a specific lobe those locations can be identified by
a single coordinate, V. In the linearized equations of motion, the 7
direction is decoupled from motion in the XY plane; thus, an
elliptical cylinder (Fig. 1b) is selected to prevent recoupling of those
equations during the optimization [see Eq. (2)]. The lobe center is
located a distance of y away from the deputy.

X; = Yxycosa = ycosasinf
YL = Yxy Sina = ysinasin 8
7, =ycosp

With the dynamics and trajectory boundaries defined, we seek a
cost function that fulfills our objective to find fuel-optimal
trajectories.

A. Cost Function

The problem statement suggests the use of an optimization
problem and the formulation of a cost function. Because the in-plane
and out-of-plane motion is decoupled in the linearized equations,
they will be dealt with separately. Ideally, we want to maximize the
time spent inside the lobe per unit of fuel expended or, equivalently,
we can minimize the cost function (J):

L AV, + AV,
YT + Ty

where k is the number of legs (a leg being defined as the trajectory
between the ith and [i + 1]th points), T is time of flight, and the
subscript f represents a possible exit burn. All thrusting is assumed to
occur on the lobe boundary. For the in-plane motion, the AV for each
leg is calculated by taking the Euclidean norm of the difference
between pre- and postthrust relative velocities (v):

_ fuel spent
" time of flight

an

AV = AVl = Ivi =il = GF =52 + G —37)°

(18)

Using AV? yields a more mathematically compact solution for

impulsive thrust and allows for closed-form solutions of the cost

function’s gradient. Because AV is always positive, minimizing the

square will minimize the value itself; thus, our expanded cost
function is

AVE4+ AV + AVS + -+ AVE + AV}

Tin+To3+Tss+ -+ T +1¢

19

As mentioned earlier, it is desirable to have equations that are not a
function of the chief’s semimajor axis or . To that end, the specific
delta V (AV) is defined as

AV =AV/n=AV/2x (20)

where the relationship between AV and AV is defined in Eq. (16).
Using Egs. (10) and (11), the square of AV is

Chief

b) Out-of-plane boundary

a) In-plane boundary
Fig. 1 Definition of the lobe parameters.
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Note that the cost function is undefined when x,,;, = 0. This implies
~ that the lobe intersects the Y axis, a special case of hovering orbits
where R is defined as addressed in Sec. IIL.A.
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Sil’l(ZTL’T,‘J_H), C =cos(2nT;_,;),and C* = cos(2nT; ;). Initial
investigations into the problem found unacceptably flat cost
functions, thus encouraging proper scaling. It is desirable to keep
the numerator of Eq. (19) in the neighborhood of 1, which is
accomphshed by scaling by the continuous-thrust AV (A VC) in the
XY plane required to keep the deputy at the X, position (i.e., the

point on the boundary closest to the Y axis). Using Egs. (15) and (20),
the continuous-thrust AV is

y AVAN?  (120%F 0T\ 2
AVZ — C — T Xmind T :367T mmTT
21 2

where T is the total time of flight. Likewise, the time of flight is
conveniently scaled by the chief’s orbit period:

(23)

(1/P)Tia+To3+T3a+ -+ Tipr + Tyl

=T+ Tos+Tygt -+ Tipr + ff (24)

Combining the scaling of AV and the time of flight, the cost function
is now

2500 :
s |/ N\
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] :
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2
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° Time of Flight ,
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X Axis (m) — Radial Direction

The trajectory of the deputy is completely defined for a given start
and end position and transfer time of flight [see Eq. (9)]. Using
Eq. (10) to find the initial relative velocity, an analysis of the effect of
time of flight choice on relative trajectories is presented. All burns are
assumed to occur on the lobe boundary; thus, their location on a
specific lobe can be identified with a single coordinate (). Given a
start and end position, (¥, ¥,), a small time of flight produces a
trajectory that closely approximates a straight line between the two
points and has a large magnitude relative velocity. As the time of
flight is increased, the trajectory exhibits larger and larger paths that
may or may not cross back over themselves. As illustrated in Fig. 2,
there is a maximum time of flight after which any larger time of flight
creates a trajectory that partially leaves the constraint lobe. Figure 2
also demonstrates the “teardrop” or “pogo” maneuvers [3,4,10], that
is a trajectory that intersects itself, providing the spacecraft an
opportunity to perform a maneuver to keep itself on the looping path
indefinitely.

From a mission planner’s standpoint, the only constraint on the
deputy satellite’s motion is that it stays within the prescribed lobe.
Although there are several methods to pose this constraint, the
simplest one is to force the time of flight to be less than or equal to
some maximum time of flight. This maximum time of flight is

3000 T T T T T T 3
25001 Largest ]
_5 Time of Flight
$ 2000f ) 1
a !
2
8 1500 |
2
! Small
E 10001 Time of Flight |
2 . == =Lobe
N ' ~-_.-"‘ —— Trajectory
> 5001 4 Chief Satellte | _
H Entry Point
@ Exit Point
-500 0 500 1000 1500 2000 2500 3000

X Axis (m) - Radial Direction

Fig. 2 Notional time of flight comparisons.
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naturally defined as the largest time of flight for which the deputy’s
entire trajectory remains inside the lobe.

Tiirt = Toa(V1, ) (26)

For this paper, the maximum time of flight is found using a
bracketing search, evaluating the midpoint of the range until that
range is less than 0.0005 chief orbit periods. Midpoints are evaluated
by computing the trajectory for that time of flight to determine if the
lobe boundary is breached. Using this method, a constraint surface is
precomputable for a specific lobe size and position (example Fig. 3).
Interpolating between points is a very effective way to calculate the
constraint during optimization searches. All constraint surfaces have
a valley of T, = 0, the set of ¥ from which a trajectory cannot
start and end without leaving the lobe no matter how small the time
of flight. These points are located on the side of the lobe closest to the
Y axis. Because the lobe is a closed convex shape, we can always
draw a straight line between any two points that stays completely
within the lobe (and, as noted previously, as T — 0 the trajectory
becomes a straight line); therefore, this valley will always be along
the line ¥r; = ¥,.

For motion along the Z axis, it can be shown that the maximum
time of flight for which the deputy stays between a minimum (Z,;,)
and maximum (Z,,,) Z coordinate is

7~;mav( = (l/ﬂ)COS_l (zmin/zmax) (27)
A derivation is provided in the Appendix [see Eq. (A5)]. The cos™!
function has a domain of 0 < Z,i,/Zmax < 1, and this fits well with
our definition of the elliptical cylinder. Motion in the Z direction is
caused by differences in the inclination and/or longitude of the
ascending node between the chief and deputy. As intuition and
Eq. (9¢) indicate, the period of the Z oscillation is 27 and is centered
about the chief’s orbit plane. Half the period is spent on one side of
the chief’s orbit plane and half on the other side. Thus, any 7 period
greater than 0.5 would indicate that the deputy has passed through the
chief’s orbit plane. Lobes that include the chief’s orbit plane will
have Z i,/ Zmax ratios that are less than zero (change in sign between
Zmin and Zp,,) and ill-defined lobes that are greater than 1 (|Z,| 18
larger than |Z,,.|). Therefore, either the lobe intersects the orbit
plane, in which case the optimal solution is to stay in the orbit plane
with no Z motion, or the lobe is improperly defined. We can expect
only ratios between 0 and 1 and T, between 0 and 0.5 of the chief
orbit. This will be used as a constraint on the Z motion.

C. Entry and Exit Conditions

A variety of entry and exit conditions into and out of the lobe can
be formulated. The method by which the entry and exit relative
positions and velocities are defined will have an effect on the cost

£z =,
D0 .
2503y £ o
58 gl I
25 =2
%5 0.1y 2 0 2 4
X 0 X Axis (km)
=5 ol

2

0
§ 6
L

4
v, (rad)

Fig. 3 Surface of maximum time of flight between ¥, and ¢,
(¢ =45 deg,y =2 km, 7, =1 km, and 7, = 0.5 km).

function. For brevity, only three general categories are explored here:
1) the defined entry/exit condition, 2) the open entry/exit condition,
and 3) the repeating hover orbit.

The first condition enables the user to specify the relative position
and velocity of the deputy at either the entry or exit of the lobe (or
both). Thus, in addition to the lobe parameters the user must also
specify

Y. (&.97) and/or Y. (i) (28)

In general, the user can specify any relative velocity; however, the
results presented here assume entry to and/or exit from a closed-
relative orbit centered on the chief satellite. This is done by setting the
secular and constant terms in Eq. (9b) to zero and solving for the
necessary initial velocities. The result is

Xo =T, yo = _47T)~Co (29)
Note that this also zeros out the constant term in Eq. (9a). There are
two benefits to calculating the entry/exit relative velocities in this
manner. First, it provides reasonable relative velocities with which to
work and, second, the velocities and subsequent solution are
independent of the orbital radius. The open condition puts no
restrictions at all on the starting relative position and velocity; thus,
the algorithm is free to choose these in whatever manner is most
optimal. The repeating hover orbit constrains the solution such that
the final relative position and velocity are the same as the entry
conditions; thus, the deputy can stay in a repeatable trajectory for as
long as the user requires.

D. Continuous-Thrust Benchmark

To assess the value of an optimized discrete-thrust solution, a
benchmark is established. The benchmark is based on a continuous-
thrust solution whereby the deputy maintains a stationary position at
adesired coordinate. The continuous-thrust solution is linear in x and
z; thus, the smallest values allowed by the lobe are used. Applying
the scaling in Eq. (20) to Eq. (15) to find the specific AV yields

AV = (1/27) (123 in + 4Zmin) 02T = (6Fin + 2Zin) 7T 7
(30)

This equation works well if we assume that the deputy starts at the
minimum x and z values; however, to use this as a fair comparison,
we must include the AV needed to get into that position. Assume that
the continuous-thrust solution starts at the same entry position and
velocity as the discrete-thrust solution. The AV required to get to X,
is found using the pre- (—) and post- (+) relative velocities:

v 1 . . . .
5 . . 3 o
AVy = @[(xfr —X)P+ 7 =)
1 * - . i;r - iT
=@[xl+—xl yT—yll{;+ L G
Y1 =N
where [see Eq. (10)]
PR —48+6xT C 4S—6aT —2+42C
Xp =X | 8—617 §—8C 8—67T S—8C  8—67T S—8C
S+ x| | clarinfS1aé 2-2¢ 3
Yr—=n 8—677 S —8C 8—677S—8C 8—67T S—8C
X .
N Xy
x| X | = . (32)
N Y1

and Ay =y, —y,,S= sin(27ﬂ~“lvz), and C = cos(ZnTm). The time
of flight is found by using the FMINCON function in MATLAB® to
minimize AV 1 while applying the constraint developed in Sec. IL.C.
Once at X.,,, the deputy must make a burn to cancel its relative
velocity, which is equal in magnitude but opposite in direction to the
final velocity of the previous leg:
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o IS | Ao
AV =(1/47°) |5 X + 3, Y||35 (33)
where
o —45+6xT 45—6x7 C 2-2¢ X
Xy | — | 8—6xTS5—8C 8—6xT S —8C 8—67T S —8C <
[&7] - 226 —14+127T§+14C s *2. 34
2 8—67T S—8C 8—61T S —8C 8—61T S —8C Ay

The exit leg will either be the natural drift out of the lobe for the open
exit condition (requiring no AV) or an impulsive thrust to get to a
defined exit position and leave the lobe with the required exit
velocity. These are calculated similar to the entry burns. The
remainder of the time is spent hovering at (X, Zmin); thus,

A‘7C = 6xminﬂ(fT - 7~wemry - fexi() (35)

This allows the benchmark solution to have the same total time of
flight as the discrete solution. The total AV from these three parts is
then used as the comparison.

E. Optimization Method

The proposed optimization method first solves the problem in the
XY plane. The user chooses the lobe parameters, entry/exit
conditions (with the additional parameters as appropriate), and total
number of proposed legs (k). The cost function is minimized using
the FMINCON function in MATLAB® with the maximum time of
flight constraint developed in Sec. IL.C to bound T for each leg.
AV is calculated using only the linear CW dynamics with no
perturbations. The output is a set of thrust locations (1) and the times
of flight between them. These elements completely define the
trajectories.

Recall that motion in the Z direction is a harmonic oscillator that
affords a single degree of freedom with which to optimize the
problem. The period of the Z oscillation (131) is chosen as the
optimization parameter based on the following argument. Assume
the X Y plane optimization has yielded a total time of flight (7). We
desire the deputy to stay between Z,,,;, and Z,,, for the same amount
of time. The minimum number of burns required is

no. of burns = |7;/P,| (36)

It can be shown that the minimum AV required for each of these
burns is

AV, =27, tan(nP.) (37)

A derivation is provided in the Appendix [see Eq. (A10)]. Assuming
no entry burn is required, the total number of burns required will be

k. — 1, where k, is the number of oscillations in the Z direction. The
total AV is

AV = 2%, (k, — 1) tan(wP,) = 2%, (k. — D tan(xT7/k;) (38)

Noting that 1’3Z is amultiple of the total time of flight, we can write the
following relationship:

(1/k)T7 =P, (39)

AVZ is inversely proportional to PZ; thus, we desire the largest
possible period (or fewest number of bounces, k) without exceeding
the maximum period defined by Eq. (27). An example problem is
found in Fig. 4. Assume that the XY optimization has yielded a total
time of flight of Ty = 0.45, Z,;, = 1, and Z,,, = 1.25. Thus, the 7
motion is constrained to have the following relationship:

~ ~ 1
P,<Thy= ;COS*I(O.S) ~0.2 (40)

Reading from Fig. 4, the smallest possible total A \72 that stays under
the constraint occurs at

L

0 L L L L L
) 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

L

Z Motion Period (P,)
Fig. 4 [Example optimization in the Z direction.

P,=T;/3=0.15 1

The horizontal line is the AV required for a continuous-thrust hover
at Z,, and is equal to

A‘70 = zzminnfT 42)

Note how the discrete solution converges to the continuous-thrust
line as P, — 0, that is, as the number of legs (k) goes to infinity.

III. Results

With an understanding of the dynamics and solution method in
hand, we turn next to analyzing the results and drawing conclusions.
Recall that, due to the form of the equations of motion, these results
are applicable to a circular chief orbit of any size and about any
celestial body assuming that inverse-squared gravity is the only force
of significance. First, results are presented for the special class of
hovering orbits that take advantage of the equilibrium conditions of
the equations of motion (lobe 1). Next, the optimal trajectories for
defined/open and open/repeat cases as applied to lobes 2 and 3 are
given. See Table 1 and Fig. 5 for the lobe parameters.

A. Persistent Hover Orbit

If the lobe happens to intersect the Y axis, then the optimal solution
(for the linear CW case) is to stay on that ' axis, which is, in fact, the
loci of equilibrium points.

Lobes that contain some portion of the Y axis deserve special
consideration. First, let us examine the output of the optimization
algorithm when given a lobe that intersects the Y axis. Figure 6 is the
result of an optimization run for a defined entry (/; = 7/4) and open
exit on lobe 1. Assume the deputy is already on a near relative orbit
that intersects the user-defined lobe. For this example, the entry
relative velocity is arbitrarily chosen such that the deputy enters from
a closed-relative orbit centered on the chief at ;. There is nothing
special about this choice of entry conditions; it is simply convenient
for calculation. The result is, not surprisingly, to place the deputy
on the natural 2 x 1 ellipse predicted by the Clohessy—Wiltshire
equations of motion when the deputy and chief periods are matched
[8]. This special case relative orbit is called a persistent hover orbit
(PHO), defined as any natural closed orbit that fits entirely within the
lobe. The PHO is a type of repeating hover orbit that does not require
any impulsive thrusting to maintain, other than what is required to

Table 1 Lobe parameters

Lobeno. «,deg B,deg y,km <t,km 7,km 7,deg

1 90 90 2 1 0.5 20
45 90 2 1 0.5 45

3 45 90 2 0.5 1 45
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Fig. 6 PHO optimization results for lobe 1.

correct for perturbations and linearization errors, making it ideal for
long-term proximity operations. The PHO is specified by two
parameters as shown in Fig. 7: the semiminor axis (o) and the center
coordinate along the Y axis (b). In the limit as p — 0, the PHO
becomes a point on the Y axis. The PHO optimization problem is as
follows. Assume the deputy’s trajectory intersects the lobe at a
defined entry position and relative velocity. Positioning the deputy
onto the PHO requires two impulsive thrusts, the first at lobe entry to
place the deputy on a trajectory toward the PHO and another to enter
it. For a given PHO with a known entry position and velocity, only
two parameters are required to define these burns: 1) time of flight
from lobe entry to PHO entry and 2) PHO entry point. Using these
parameters in Eqs. (10) and (11), we have all the information needed
to calculate the specific AV. This greatly simplifies our optimization
routine because we can globally search for the minimum-fuel
solution of these two burns. The only remaining question is, what are
the best values of the PHO semiminor axis (p) and center position (b).

Results indicate that the minimum-fuel answer is to choose p and b
such that p is as large as possible. Figures 8 and 9 present the results
of evaluating all values of p and b that yield PHOs that are
completely contained inside lobe 1. Figures 8a and 9a are the AV
surface over p and b, whereas Figs. 8b and 9b show the resultant
minimum-fuel trajectory. Note that only combinations of p and b that
fit completely inside the lobe are evaluated, and the stair step feature
is due to the discretization of the search space. In both cases, the
minimum AV occurred when the largest possible p value was

() Lobe Boundary

Persistent Hover
Orbit

> X
Fig. 7 Persistent hover orbit.

chosen. Note that this implies a value of b such that the center of the
PHO in the Y direction will be halfway between the two points at
which the lobe intersects the Y axis. The results for several different
cases with defined conditions show that, if mission requirements
dictate a fairly small time of flight, then optimizing the cost function
over one or two legs may still yield the lowest total fuel solution;
however, if a longer total time of flight is required, searching for the
minimum two-thrust solution to place the deputy onto a PHO is
optimal regardless of entry/exit conditions. The next two sections,
which combine the entry/exit conditions developed in Sec. IL.C,
present results for the following two cases: 1) defined open and
2) open repeat.

B. Case 1: Defined Entry/Open Exit

Case 1 investigates trajectories for which the entry condition is
defined, the exit condition is left open, and the lobe does not intersect
the Y axis. Recall that the defined entry condition requires the user to
provide an incoming relative velocity at a specified lobe entry point.
For convenience and because the choice of this initial condition is
arbitrary, the following results will use the relative velocity of the
closed-relative orbit that intersects the lobe at the specified point and
is centered on the chief. Case 1 is of particular interest because, for
the single leg case, there are only two optimization parameters (¥,
and fl 2); thus, we can visualize the cost surface (Fig. 10a) and watch
the iteration path (the dashed line) of the nonlinear programming
algorithm toward the optimal solution (indicated by a diamond).

The results of the optimization algorithm for lobes 2 and 3 under
the conditions already specified are shown in Figs. 10a and 11a; the
solid line on the cost contour plot indicates the maximum time of
flight for each value of y,, and the lobe entry point is defined as
Y, = /4. This curve is the slice, at Y, = /4, of a constraint
surface similar to Fig. 3. Note that in both cases there is a local
minimum with a very short time of flight between 5 and 6 rad. This
represents the trivial solution of the deputy passing through the lobe
with no thrust at the entry point, resulting in a cost function of J = 0.

The next set of graphs (Figs. 12-17) show the evolution of the
trajectories for lobes 2 and 3 as the number of legs is increased. The
left-hand plots show the lowest cost discrete trajectory found after
searching through multiple initial condition choices. The right-hand
plots show the cumulative specific AV incurred over time for the
discrete and continuous-thrust trajectories. The continuous-thrust
solution is described in Eq. (35) and is a function only of the lobe
shape, position, orientation, and entry position and velocity. In
general, it consists of an entry leg to the X,,;, coordinate, possible
hovering at x,,,;,, and then exiting the lobe either at a designated point,
drifting out of the lobe, exiting onto another closed-relative orbit,
or remaining at X,,;,- These thrusts are based on minimum AV
solutions. The continuous solution entry and exit legs will both have
afixed time of flight (again based on the minimum AV solution). The
difference between the sum of these two legs and the total time of
flight of the discrete-thrust solution is made up by hovering with
continuous thrust at Xx,,,;,. Because there is no minimum total time of
flight constraint applied to the cost function, it is possible that the sum
of the entry and exit legs is greater than the time of flight found in the
optimization routine. In this case, no hovering is required and the
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continuous-thrust time of flight will be longer than the discrete
solution. Care must be taken when comparing the discrete and
continuous solutions in these cases.

Figures 12—-14 show the evolution of the trajectories for lobe 2 as
the number of legs increases from one to five. There are minor
changes in the trajectory and performance as more legs are requested,
but there is a definite pattern of convergence toward a final trajectory.
In all but the single leg case, the continuous solution outperforms the

discrete case. Also, all but the five-leg simulation runs into the
problem discussed earlier with the time of flight of the entry and exit
legs of the continuous solution being larger than the entire discrete
time of flight. Itis clear that, for lobe 1, a continuous-thrust strategy is
more efficient for all but the single-leg case.

Figures 15-17 are trajectories within lobe 3. Again, there is clear
convergence to a final trajectory but, unlike in the previous case,
there are slight fuel savings by using the discrete solution in all but
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Fig. 13 Results for defined entry/open exit (case 1): lobe 2, legs = 3.

the final (k = 5) simulation. This set of runs is also a good example of
how additional legs are accommodated by clustering several smaller
thrusts to take the place of one larger thrust. In most cases, this is
significantly less efficient, a fact notably displayed in Fig. 17. In the
one- and three-leg trajectories, the first leg from the entry point to
near the top of the lobe is the result of a single thrust. When k = 5, this
single thrust is split into three thrusts. Although the time of flight and
trajectory of this leg remain nearly identical, the fuel spent is nearly
70% greater in the latter case. This splitting phenomenon is due to the
unrestricted bounds on each leg’s time of flight and AV. With no
minimum time of flight, optimal trajectories are split into smaller
pieces to satisty the requirement for more legs. This is a shortcoming

of the cost function as posed and should be addressed in future work.
The splitting effect makes it clear that, although there are some
increases to time of flight, there is a distinct k after which there is no
improvement.

C. Case 2: Open Entry/Repeating Hover

By specifying open entry/repeating hover, we seek to find closed
trajectories that can be sustained for as long as the mission planner
desires and the deputy’s fuel stores last. This is done by constraining
the relative position and velocity at the final point (postthrust) to be
the same as the initial relative position and velocity. These closed
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trajectories are recommended when simply increasing the number of
legs does not yield the needed total time of flight. The optimization
algorithm yields two types of closed-relative orbits. The first is the
classic teardrop, in which the trajectory intersects itself at a single
point (Fig. 18) [3.4], providing an opportunity to perform an
impulsive thrust and repeat the teardrop. The second is the bounce
trajectory (Fig. 19), in which the deputy bounces back and forth
between two points. The teardrop trajectory outperforms the bounce
and is the focus of further discussion.

Just as the PHO tends to be the most efficient trajectory for a lobe
encompassing an equilibrium condition, the teardrop trajectory tends
to be the lowest cost solution for a repeating hover condition. Note

that in Figs. 18-20 the teardrop paths are not perfect (i.e.,
commensurate with CW dynamics), but reflect numerical
imprecisions inherent in a nonlinear programming solution. This
encourages analysis of all possible teardrops and their cycle cost (AV
per cycle). Figure 21 presents the results of that analysis. In each
example, only ¥ that have T, (¥, ¥,) > 0 are evaluated and only
for T < Tmax(wl, Y1), thus producing regions of no data in the cost
surface. That cost surface, as seen in Fig. 21a, shows that, although
there is a single global minimum, a family of nearly identical cost
teardrops are available to a mission planner. Thus, if cycle period is
an important mission parameter, a wide range of values can be
selected with only small changes to cycle cost. Figure 21b displays a



970

‘ ‘ : ='Lobe :
s = Trajectory
;g 3000 = = =Cont Thrust Trajectory |
© ¢ Chief Satellite
.g @ Impulsive Thrust
o  2000- J
&
8
E 1000 J
I
B of ¢ i
2
< -1000} ]
>
-2000 L L L
-2000 0 2000 4000

X Axis (m) — Radial Direction

a) XY plane trajectory
Fig. 17

3500f ' o —

= Trajectory

= = = Cont Thrust Trajectory ||
@ Chief Satellite
@ Impulsive Thrust

ey
a
(=]
(=]
T

1000}

Y Axis (m) - Velocity Direction
N
[=]
[=)
=

500

V'S 1 L 1 L
0 1000 2000 3000 4000
X Axis (m) - Radial Direction

a) XY plane trajectory

IRVIN, COBB, AND LOVELL

10

8 b -
. -Breaavningy - =" """ -

—

£

s 6y JPte

< [} )

k) . Start Hovering

R Y SR W stopping at x

g 4¢ PRing A, ‘

o

(7] —— Discrete Specific A V

2.! - - -Cont Specific AV ]

@ Discrete Thrust
B Continuous Thrust

0 Lobe Entry (Ct & Discrete Burn) i L
0 0.1 0.2 0.3 0.4 0.5
Time (fractions)

b) Growth of AV

Results for defined entry/open exit (case 1): lobe 3, legs = 5.

8 T T T T T T
71 Leaving x’“:iy, 1
6 ® e
_ .
£ L
< 5¢
> L
< L P
o 4 ”
[3] L .
[ 3 .
(% —— Discrete Specific AV
2+ ,/ = = = Cont Specific AV
s - . Discrete Thrust
1t . Start Hoyering B Continuous Thrust
1 Stopping gt X i, * Lobe Exit
0 (Lobe Entry,(ContinuougdBurn) L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6

Time (fractions)
b) Growth of AV

Fig. 18 Results for open entry/repeating (case 2): lobe 2, legs = 3, teardrop.

Tl

= 2000r | = Trajectory 1
2 /| = = =Cont Thrust Trajectory
° " | & chief Satellite
g e @ Impulsive Thrust
o 1500+ o+ A 1
2 ’ ;
5 5
8
£ 1000} ]
I »,‘
E .
(7]
% 500r 1
<
>

0 * R R H H

0 500 1000 1500 2000

X Axis (m) — Radial Direction
a) XY plane trajectory

2500

6 T T T ™ Leaving Xy
— Discrete Specific AV .-
- - -Cont Specific A V
@ Discrete Thrust
51 | m Continuous Thrust
% Lobe Exit

*start Hovering

Specific A V (km)
w

--m Stopping at x ;.\

Lobe Entry (Contjnuous Burn) L

0 0.05 0.1 0.15 0.2
Time (fractions)

b) Growth of AV

Fig. 19 Results for open entry/repeating (case 2): lobe 2, legs = 2, bounce.

representative of this family of choices chosen for its larger time of
flight. Figure 21c demonstrates the repeating pattern of the relative
specific velocities.

It has been shown that thrusting repeatedly at the apex of the
teardrop to remain on that relative orbit incurs the same cumulative
AV as thrusting continuously at the time-averaged x coordinate
(centroid) of the teardrop [4]:

_ 1 Trp o~ o~
XD — = X (l) dt =
Trp Jo

2(1 - 0O)%,

8 — 6nT1pS — 8C

This xtp will always be farther from the Y axis than Xpmins therefore, in
the long run, thrusting continuously at x,;, will require less fuel.
Ultimately, the choice of thrust locations will rest on the teardrop

entry/exit conditions. It is, in general, more fuel intensive to stop at
Xmin than to divert the trajectory onto a teardrop. The total AV per
cycle can be found in closed form [see Eq. (23)]:

127Tp(1 — O)%,

- e (44)
8 — 67T pS — 8C

A‘7TD = 67TTTD3ETD =

This cumulative AV is plotted in Fig. 21d and tracks exactly with the
stair step of the discrete-thrust solution. Also plotted is the
cumulative AV for the continuous solution at Xmin- Figure 21d can be
used to evaluate whether to use the discrete or continuous solution in
an actual mission scenario. Note that these solutions assume that the
deputy started in the desired position (at the start of the teardrop for
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Fig. 21 Teardrop analysis for lobe 2.

discrete and at Xx,,;, for the continuous) with the desired relative
velocity. Fuel usage to get to those initial conditions, however, must
be taken into account. That minimum-fuel solution is treated here as a
simple constant added to a linear function that will shift the AV
growth profiles up. They will not, in general, be the same for the
continuous and discrete solutions. The total fuel used in the discrete
solution will be

A‘;Discrete = A‘70 LTT/PI)J + A‘71),C (45)

where AVD is the specific AV required at each teardrop burn, Ty is
the total time of flight required, P, is the period of the teardrop, and

AVD, . is the AV required to get into position for the first teardrop.

The continuous solution is
A‘76 = 6iminnfT + A‘7c,(; (46)

where AVCI . is the AV required to get to and stop at x,,,. For the
discrete-thrust solution to be the fuel-optimal choice, we need

A‘7Discrele < A‘7C (47)

imin”fT + A‘;C]C — A‘\/"DIC

5 48

- 6
[T7/Pp] <

This, then, is the criterion for choosing between a discrete and
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continuous solution. As total time of flight increases, the continuous
solution will eventually outperform the discrete, but, for a shorter
total time of flight, it may be more efficient to use a discrete strategy.

IV. Conclusions

Proximity operations and hovering specifically are fuel-expensive
operations to perform and will only be undertaken when mission
needs are great. This work investigates a method to keep fuel costs as
low as possible when hovering within a desired lobe in relative space.
The results have shown that practical hovering orbits produced with
impulsive thrusts require a AV comparable with a continuous-thrust
benchmark. The choice of discrete versus continuous strategy is
highly dependent on lobe entry and exit conditions, and decisions are
easily made by comparing the cumulative AV for both strategies.
Note also that, because AV is linear in the X and Z coordinates, the
farther away the lobe is placed from the chief, the more expensive the
hovering maneuver. Hardware and mission requirements will also
factor heavily into this decision. For the analyst, the continuous-
thrust solution provides an excellent estimate of the AV required to
hover inside a specified lobe. This solution is robustly and rapidly
calculated without any precomputing of the constraint surface. That
estimate can be scaled by the inverse of the chief’s mean motion to
get the actual AV cost for an orbit with a given size. The ability to
compare all possible sizes of chief orbits greatly extends the
applicability of this research.

Appendix: Derivation of T ‘max and AV for Z Motion

The Z motion is decoupled from the X Y motion and can be treated
separately. The closed-form solution of the position is Eq. (9):

HOE ;—;’Tsin(%tf) + Z, cos(2nt)

A - Z
=4/|=%) + Zcos|2nf—tan~! (A1)
2 27z,

Pulling the amplitude information from this equation and setting it
equal to Zpa,

. L\, =
Zmax = E + 2o (A2)
Rearranging
~ 2 o
(ﬁﬁ) =i (A3)
Z 27z,

which is a term we will use shortly. Assume a cylinder is defined as
shown in Fig. 1b, in which 4 is half the height of the cylinder (4 > 0)
and B is the angle between the Z axis and the vector from the chief to
the center of the lobe. We wish to find the maximum time of flight
(fmax) between a starting position Z, and final position z;. Assume
that the deputy starts and stops at the same position, then

~ 2 B P
F=2Z,= (ZZ—;’T) + 72 cos |:27TTmM —tan~! (2;—"20)] (A4)

Solving for Ty,

2

cosT | —%o | = 27T — tan™! |: Lo, :|
1\2 L 27z,
() +2
—1 1 -1 20 A
cos + tan — | = 27T 1k
L) 27,
L (2715,,) + 1_
1 1 -
cos'| ————| +cos!| —— | = 27T s
& )2 % \?
L (2;150) + 1_ (2%5,,) +1

Collecting terms and substituting Eq. (A3),

- 1 1
T nax = —COS
b4

Next we find the AV required to stay within the Z constraints. The
instantaneous change in velocity at the burn points is [11]

AV, =3 -% (A6)

The relative velocity before the burn (Z; ) is the final relative velocity
from the prior leg, and the relative velocity after the burn (Z;") is the
initial relative velocity of the next leg. The relative velocities are
found via Eqgs. (10) and (11):

. . cos(2aT™ .
=7, =2nz,— " ( ~+) M= (A7)
sin(2nT™) sin(2nT™)
: : - 1 _ cos(2nT~
i ==, ———=—+ ”Zf¥ (A8)
' sin(2nT™) " sin(2aT™)

AV islinearin Z, and 7 5 thus, we will choose the smallest allowable
Z coordinate allowed by the lobe designated by z,,,;,. Further, assume
that the period (time of flight) of the each oscillation in Z is constant
and designated by f’z. Thus,

. 2nP.) | 27z
AV, = [—27TZmin cos(2mP,) T Zmin ]

Sin(ZJTf)Z) sin(27P,)
[ — 27 Z i cos(2nﬁz)]
|\ = TZmin T~ =~ .
sin(2zP.) sin(2zP,)
1 —cos(2zP,)

=477 ~
" n|: sin(2zP.)

] = 477, tan(P,) (A9)

or, in terms of a specific AV using Eq. (20),
AV, = AV, /21 = 2%, tan(nP,) (A10)

Assume that the total hover time (TT) is given and that the deputy
enters the lobe with the proper entry velocity to place it on the desired
oscillation (there is no entry burn). The total number of burns
required to keep the deputy inside the lobe is

no. of burns = LfT/ﬁZJ (A11)
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and the AV required is
A‘72 = 2|_TT/P2J Zmin tan(nﬁz) (Alz)

Equation (38) converges to the 7 portion of the continuous AV
solution [Eq. (30)] as P, goes to zero and is proven herein. As
P_ — 0, the small angle approximation reveals

sin(rP.) N 7P,
cos(nP,) T

tan(nP,) = =P, (A13)

The total time of flight will be a multiple of the period of oscillation;
therefore,
(1/k)T; =P, (Al4)
where k_ is the number of Z legs (oscillations). Then,
. T 3 1 - 3 1 -
AV, = {#J * 220 (nETT) =27k, | ETT (A15)

4 Z

AT
Because k_ is an integer:
lk.] =k, (Al6)

Thus,
AV, =25l (A17)

which is the same as the continuous-thrust solution in Eq. (30). The
constraint on choosing &, is

(1/k)Tr =P, < Ty (A18)
Solving for k_,
k.= Tr/T o (A19)
Because £, is an integer:
ke =T/ Tax] (A20)

Assuming no entry burn is required, the total number of burns
required will be k, — 1. Therefore, the total AV is

AV, =27, (k, — 1) tan(nP,) = 2% (k. — 1) tan(x Ty /k,)
(A21)
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